Effects of the mismatch between the hydrophobic length, d, of transmembrane alpha helices of integral proteins and the hydrophobic thickness, D h , of the membranes they span are studied theoretically utilizing a microscopic model of lipids. In particular, we examine the dependence of the period of a lamellar phase on the hydrophobic length and volume fraction of a rigid, integral, peptide. We find that the period decreases when a short peptide, such that d < D h , is inserted. More surprising, we find that the period increases when a long peptide, such that d > D h , is inserted. The effect is due to the replacement of extensible lipid tails by rigid peptide. As the peptide length is increased, the lamellar period continues to increase, but at a slower rate, and can eventually decrease. The amount of peptide which fails to incorporate and span the membrane increases with the magnitude of the hydrophobic mismatch |d − D h |. We explicate these behaviors which are all in accord with experiment. Predictions are made for the dependence of the tilt of a single trans-membrane alpha helix on hydrophobic mismatch and helix density.
Introduction
The interaction of integral proteins with the lipids in which they are embedded is of great importance for membrane function (Dumas et al., 1999) . One principal governing this interaction is that the length of the hydrophobic segment of protein should closely match that of the membrane which it spans (Bloom and Mouritsen, 1984) . Among the evidence that this hydrophobic matching is used in membrane organization is that the various membranes between the Golgi and the plasma membrane have different thicknesses. Proteins can be routed through the secretory pathway by increasing their hydrophobic thickness via mutagenesis and passing from one membrane to another more closely matching their new length (Pelham and Munro 93) . The difference between the hydrophobic length of protein and membrane, denoted hydrophobic mismatch, affects inter alia, lateral segregation of proteins in membranes (Marsh 1995; Lehtonen and Kinnunen 1997) , the lipid melting transition (Piknova et al., 1993) , and protein activity (Johannsson et al. 1981 : Froud et al. 1986 ). Hydrophobic mismatch also affects the way in which the stabilty and the inclination of transmembrane helices change as functions of their hydrophobic length. Such information is very important in predicting transmembrane domains from potential protein sequences (Rost et al. 1995; Edelman 1993 ), a topic becoming increasely important in Biology with the completion of the Human Genome Project.
In an effort to elucidate such effects on a molecular level, Killian and coworkers (de Planque et al. 1998 ) investigated the effect of a series of hydrophobic peptides on the mean thickness of phosphatidylcholine membranes with different tail lengths. The peptides consisted of a sequence, whose length could be adjusted, of alternating leucine and alanine flanked on both sides by two tryptophans. The latter prefer to reside just below the lipid head groups, and therefore serve as anchors for the peptide (Killian et al., 1996) . The N-and C-terminii were blocked, e.g FmAW 2 (LA) n W 2 Etn. The results of this study which are of the most interest to us are as follows:
• peptides whose hydrophobic thickness, d, is smaller than that of the hydrophobic thickness, D h , of the bilayer cause a reduction in the bilayer thickness.
• peptides whose hydrophobic thickness is larger than that of the bilayer cause an increase in the bilayer thickness. As the peptides are made longer, the membranes continue to thicken, but the increase in the membrane thickness is always less than the peptide increment.
• an increase in the magnitude of mismatch, |d−D h |, whether due to peptides being too long or too short for the membrane, results in an increase in the fraction of peptides which fail to incorporate into the membrane. This effect has also been observed by Ren et al. (Ren et al. 1997 .
The first observation is easily understood on simple energetic arguments, but the second is not. One might have expected the longer peptide simply to insert at an angle such that the membrane thickness is undisturbed (Killian, 1998) . However the thickness is disturbed, and grows with increased peptide length, but does not track that increase identically. To understand this puzzling behavior and to isolate the various factors which bring about the net result of hydrophobic mismatch is the primary purpose of this paper.
Many theoretical approaches have been applied to the effects of mismatch. Almost all of them are phenomenological, based on treating the membrane as an elastic sheet. Some have, however, included in these phenomenological descriptions some properties of the lipid tails, such as the ability of the tails to tilt to accommodate the perturbation of inserted proteins (May and Ben-Shaul, 1999) . These approaches, which have recently been reviewed (May 2000) , are valuable in clarifying several aspects of the general problem of membrane impurities, and have even been applied (May and Ben-Shaul, 1999) to the lamellar-inverted hexagonal transition induced by a sufficient concentration of peptide (van der Wei et al., 2000) . Nevertheless, they lack a direct link to the molecular details of the system. A major theoretical advance was the work of Fattal and Ben-Shaul (Fattal and Ben-Shaul, 1993 ) who provided a molecular theory for the behavior of the lipid chains of the membrane. The peptides, with their hydrophobic length, were treated as providing a boundary condition on the configuration of the lipid chains. This molecular modelling was combined with phenomenological free energy contributions describing lipid headgroup repulsion and membrane solvent surface tension. In this paper we eschew phenomenological description and present a molecular theory which, from straight forward statistical mechanics, yields the free energy of the entire system, lipid and peptide. We utilize a molecular lipid model employed earlier (Li and Schick, 2000) and treat the peptide, which traverses the membrane as an alpha helix, as a rigid rod. We consider a lamellar phase formed by the lipid, and investigate the effect on the period of this phase due to the addition of peptide in small concentrations. As a consequence of our calculations, we are able to reproduce all of the above results, elucidate the reasons for the increase in membrane thickness when penetrated by long peptides, and delineate several different effect of hydrophobic mismatch.
The Model and its Self Consistent Field Solution
We consider an anhydrous system of volume V consisting of lipids and peptides whose numbers, N l and N p , are controlled by the fugacities z l and z p , respectively. The lipids consist of a headgroup of volume v h , and two equal-length tails each consisting of N segments of volume v t . Each lipid tail is characterized by a radius of gyration R g = (Na 2 /6) 1/2 , with a the statistical segment length. The peptide consists of a rigid, hydrophobic, core of L segments each of length b and volume v c and a terminal group at each end of volume v e . We choose these end segments to be hydrophilic so that the peptide indeed models a hydrophobic segment within an otherwise hydrophilic region. The hydrophobic length of the peptide is d = Lb.
There are four local densities which specify the state of the system. We measure them all with respect to the convenient density v h Φ e (r). Note that all number densities, Φ(r), are defined to be dimensionless.
We consider repulsive contact interactions between these four elements. In the simplest case, the strengths of the repulsive interactions between the two hydrophilic and the two hydrophobic elements are the same, kT v h χ, with k Boltzmann's constant, and T the absolute temperature. We take the total energy of interaction to be
where we have introduced the relative volume of the tails, γ t = 2Nv t /v h , of the peptide cores, γ c = Lv c /v h , and of the peptide end groups γ e = v e /v h . Note that the interaction energies depend upon the local volume fractions γ e Φ e etc. as opposed to the local number densities Φ e etc. (Williams and Fredrickson, 1992) . In addition to this local repulsion, we include the hard core interactions between all particles in an approximate way by imposition of a local incompressibility constraint, i.e., that the sum of the volume fractions of all components must be unity everywhere:
As shown earlier (Li and Schick, 2000) , the partition function of the system can be written in the form in which the four fluctuating densities, instead of interacting directly with one another, interact indirectly via four fluctuating fields, here denoted W h , W t , W e , and W c . Self consistent field theory results when the fluctuating fields and densities are approximated by those values which extremize the free energy, Ω, of the system in the presence of these fields. This free energy has the form
Here which extremize this free energy will be denoted by their corresponding lower case letters w h and φ h . They are obtained from the five equations for the fields
The field ξ can be easily eliminated, while Eqs. (5) and (7) imply w t (r)/γ t = w c (r)/γ c , so that one deals essentially with three equations. The four densities are all functionals of the above fields except ξ and, therefore, close the cycle of self-consistent equations:
With the aid of the above equations, the self consistent, or mean field, free energy Ω mf , which is the free energy function of Eq. 3 evaluated at the self consistent field values of the densities and fields, can be put in the form (13) where we have defined V ξ 0 ≡ ξ(r)dr. All the fields, w, ξ 0 , and densities, φ, are functions of the activities, z l , z p and temperature. All of the above is a simple extension of previous procedure (Li and Schick, 2000) . There remains only to specify how the partition functions of the lipids and of the peptides are calculated. One defines the end-segment distribution function of the lipid q(r, s). Because the lipid tails are treated as completely flexible, this function satisfies the modified diffusion equation
with initial condition q(r, 0) = 1.
From this function, one obtains the partition functions of the lipids,
and, from Eqs. (9) and (10), the head and tail densities
To obtain the partition function of the peptide, one defines its end-segment distribution function q p (r,n, s), wheren is a unit vector which specifies the orientation of the peptide. Because the peptide is rigid, and of length Lb, this function satisfies the equation (Wang and Warner, 1986) ∂q p (r,n, s) ∂s
with initial condition q p (r,n, 0
From this function, one obtains the partition function of the peptide,
and, by means of Eqs. (11) and (12), its end and core densities, φ e (r) = 2z p dn q p (r,n, 1),
To summarize: there are five self-consistent equations to be solved for the five fields w h (r), w t (r), w e (r), w c (r), and ξ(r). They are Eqs. (4) to (8). The fields depend on the four densities φ h (r), φ t (r), φ e (r), and φ c (r), which depend, in turn, on these fields. The densities are given by Eqs. 17, 18, 22, and 23. Once the fields and densities are obtained, the free energy follows from Eq. 13. We are interested in the way in which the peptides affect, on the average, a periodic array of lipid bilayers, that is, a lipid lamellar phase. We therefore assume that the lamellae are uniform in their plane, and vary only in the normal direction, specified by the coordinate z.
In the limit of vanishing peptide density, it is sufficient to solve for the fields and densities of the pure lipid bilayer, and then to solve Eq. (19) for the peptide end-segment distribution function in the presence of those densities. This is easily done in real space, since the solution of (19) is just q p (r,n, s) = exp − s 0 dt w e (r + tn)[δ(t) + δ(t − 1)] + w c (r + tn) , and the fields are provided by Eqs. (6) and (7) with φ e = φ c = 0.
At non-zero peptide densities, the full set of self-consistent equations must be solved, and it is more convenient to expand all functions of the position r and the directorn in terms of a complete set of basis functions Warner 1986, Matsen 1996) .
where cos θ is the projection of the unit vectorn onto the z axis. A convenient set is
where P l is the l'th Legendre polynomial, and D is the period of the lamellae. The latter is determined by minimization of the free energy with respect to it. Details of the procedure for solving the self-consistent equations in this basis can be found elsewhere (Matsen 1996) . Of importance here is that the expansion into the infinite set of basis functions must be truncated to an expansion in a finite number of such functions. We have utilized 30 values of l and 10 values of m, or a total of 300 functions. The errors in the free energy brought about by this truncation are less than 0.1%. The parameters we have chosen for our calculations are as follows. The lipid is characterized by the volume of the headgroup, v h = 370Å 3 , and the volume of the tails, 2Nv t = 999Å 3 . For comparison, the volume of the phosphatidylcholine headgroup is 337Å 3 and that of two tails with seventeen carbons and one double bond each is 985Å
3 (Armen at al., 1998) . The radius of gyration of the tails was taken to be R g = 12.3Å which was found to be reasonable in a previous study (Li and Schick 2000) . The peptide is characterized by the volume of the end groups, which we took to be v e = 555Å 3 each, the volume of each of its core units, v c = 96.2Å 3 , and the length of each core group b which we took to be the length of each amino acid in an alpha helix conformation, 1.5Å. For comparison, the volume of the two tryptophans and two alanines, which were only a portion of the end groups used by de Planque et al. (de Planque et al., 1998) , is 460Å 3 , while the average of the volumes of the core alanine and leucine units is 95.5Å
3 . The interaction strength between hydrophilic and hydrophobic elements is such that χγ t = 20. We have taken the number of peptide units to vary from L = 10 to 40.
Results
We first consider the limit in which the density of peptide is vanishingly small. The volume fraction distribution of the lipid headgroups and tails in the anhydrous lipid bilayer are shown in Fig. 1 . The period D, in units of the radius of gyration of the lipid tails, R g is D/R g = 2.831. The thickness of the hydrophobic region, D h , as defined by those points at which the volume fraction of the tails
It is of interest in this limit to determine whether the inserted peptide spans the bilayer and, if so, whether it inserts normal to the bilayer or at an angle, θ, to it. This is readily determined. We compute the probability distribution (Matsen, 1996 )P L (z, cos θ) ≡ q p (z, cos θ, 1)/ dzd(cos θ)q p (z, cos θ, 1) of peptide ends which are at an angle θ with the bilayer normal, when that end is located at position z within the bilayer. The coordinates z/D = 0 and 1 correspond to the center of the tail region, as in Fig. 1 . The probability distribution can be calculated for peptides of different length Lb. It is shown in Fig. 2 for an L = 20 peptide, for which Lb/D h = 1.143, that is, somewhat longer than the hydrophobic thickness of the bilayer. One sees two major peaks, both of which correspond to a peptide which spans the bilayer. One corresponds to a peptide inserted almost normally, at an angle such that cos θ ≈ −0.9 and with one end at z/D ≈ 0.4 This peptide would pass through the tail region at z/D = 0. Ends of peptides in the adjacent lamellae near z/D ≈ 0.6 are characterized by an angle π − θ so that the value of the cosine is the negative of that of the first peak. Thus the second peak simply describes the other end of the rigid, (and periodically repeated), peptide.
In order to illuminate the behavior of this angle of insertion, we integrate the probability distribution of Fig. 2 over all spatial positions for a fixed angle to obtain the probability distribution P L (cos θ). It is shown in Fig. 3 for several values of the hydrophobic length of the peptide Lb divided by the hydrophobic thickness of the bilayer, D h . From this distribution we obtain the average angle of peptide insertion and the most probable angle of insertion as a function of Lb/D h . These quantities are plotted in Fig. 4 in dashed and solid lines respectively. We observe that peptides with hydrophobic lengths (Lb/D h ) < (L * b/D h ) = 1.07, insert normal to the bilayer. One might have expected this ratio to be unity, but it must be recalled that our definition of the hydrophobic thickness of the membrane, D h , in terms of equal head and tail volume fractions is a somewhat arbitrary one. Peptides which are longer than L * b insert an a non-zero angle to the membrane normal. From energetic arguments alone, one might expect that cos θ ∝ 1/L for L ≥ L * . Indeed in our calculation, one sees the dependence on L cos θ in the second term of Eq. (19). However the incompressibility condition depends only on the volume of the peptide, proportional to L, not on its orientation. Thus the behavior cos θ ∝ 1/L should only be a simple approximation to the actual behavior. That this is indeed so is seen in Fig. 4 where we have plotted this dependence as a dotted line. One sees that our results deviate from this simple description.
Returning to Fig. 2 , we also observe two smaller peaks at cos θ = 0 corresponding to a fraction of peptides which do not traverse the lamellae, but are parallel to it. As our model peptide is predominantly, but not completely, hydrophobic, the non-traversing peptides are found somewhat below the head-tail interface in the tail region of the bilayer. In order to determine how this amount of non-traversing peptides varies with the peptide length, we calculate the fraction of peptides with an end at an angle 0 ≤ cos θ ≤ 0.2,
This fraction is plotted vs. Lb/D h in the inset of Fig. 3 . We see that the fraction which do not insert across the membrane increases with the mismatch between peptide and bilayer hydrophobic thicknesses, (Lb/D h ) − 1, irrespective of the sign of the mismatch. The largest fraction of inserted peptides occurs for Lb/D h ≈ 1.15. We now consider non-zero peptide densities. We have calculated the period, D, of the lamellar phase as a function of peptide volume fraction, x p , for values of x p < 0.04 and find that D varies essentially linearly with it; i.e.
where D(0) is the period of the lamellar phase in the absence of peptide. In Fig.  5 we plot the rate of bilayer thickening, R, versus the relative peptide thickness Lb/D h . We see that the insertion of short peptides, Lb/D h < 1.17, causes the period, and therefore the bilayer thickness, to contract, while the insertion of long peptides causes it to increase. As the peptides become longer, the rate of increase becomes smaller. Eventually the insertion of sufficiently long peptides, Lb/D h > 1.6, causes the bilayer thickness to decrease.
Discussion
Our results replicate and illuminate the experimental results listed in the Introduction. We recall and discuss them in turn.
The insertion of peptides whose hydrophobic thickness is less than that of the bilayer causes a reduction in the bilayer thickness.
Our calculation reproduces this result. The behavior is clearly due to simple energetic considerations.
The insertion of peptides whose hydrophobic thickness is greater than that of the bilayer causes an increase in the bilayer thickness. As the peptides are made longer by a certain amount, δd, the membranes continue to thicken, but the increase in membrane thickness is less than δd.
We reproduce these results. As noted earlier, their origin is not obvious, for energetically the peptides would be satisfied to insert at an angle such that the bilayer would not deviate from its original thickness at all. The reason for this behavior, therefore, is clearly entropic. To understand it, we need only recall the reason the bilayer thickness takes the value it does in the absence of peptide. The repulsive interaction between lipid headgroups and tails tends to crowd the head groups together which, from the constraint of incompressibility, causes the lipid tails to stretch. This tendency is opposed by the loss of tail entropy such stretching brings about. The equilibrium thickness of the bilayer results from a balance of these two tendencies. Thus in the equilibrium configuration, the lipid tails are stretched (Fattal and Ben-Shaul, 1993) . Peptides, being rigid, do not stretch, and therefore lose no such entropy if the bilayer thickens, while they displace lipid tails which restrain the membrane from thickening. Thus it can be understood that the insertion of longer peptides causes the width of the bilayer to increase. Within this mechanism, however, there is no reason that a given increase in the length of the peptide should result in a corresponding increase in the thickness of the bilayer. The effect of replacing elastic lipids with rigid peptides predicts that the insertion of a much bulkier rigid object, such as gramacidin, will have a larger effect in increasing the bilayer thickness than will a less bulky one, such as a simple peptide. This is again in accord with experiment (de Planque, 1999) .
An increase in the magnitude of mismatch, whether due to peptides being too long or too short for the membrane, results in an increase in the fraction of peptides which fail to incorporate in the membrane.
Our calculation reproduces this as shown in the inset to Fig. 3 . Short peptides tend not to insert for energetic reasons. Long peptides tend not to insert even though there is no energetic penalty to do so. Presumably, they fail to insert due to the loss of lipid tail entropy, which increases with the length of the hydrophobic portion of the inserted peptide.
In addition to reproducing these experimental results which demonstrates its efficacy, our model also yields predictions. As noted earlier, we found that insertion of peptides whose hydrophobic length is greater than the hydrophobic thickness of the membrane causes the membrane thickness to increase. As the peptide is made longer, the rate of increase of membrane thickness with peptide length, denoted R in Eq. (27), decreases in accord with experiment (de Planque,2000) . Strikingly, our model predicts that insertion of peptides which are very long compared to the hydrophobic thickness of the membrane (Lb/D h > 1.6 in Fig. 5 ) actually causes the membrane thickness to decrease. We believe the reason for this is that a significant fraction of these long peptides do not traverse the membrane, but lie parallel to it. Because the peptides have a much larger end group relative to its core than do the lipids, they create relatively more free volume for the lipid tails to fill, i.e. they effectively increase the area per lipid head group. As the system is incompressible, this effect tends to make the bilayer thickness decrease. We have recently learned that this unusal thinning of the bilayer on the addition of relatively long peptides has been observed (Killian, 2001) . Finally, our model makes predictions about the insertion of peptides at very low densities. Short peptides, whose hydrophobic thickness is less than the hydrophobic thickness of the bilayer, insert normal to it. Peptides with a hydrophobic thickness greater than that of the bilayer insert at an angle to the normal which grows with the hydrophobic mismatch. We expect the same behavior for proteins which span the membrane with a single alpha helix. As we have ignored local effects in the plane of the membrane, the actual angle of insertion will differ somewhat from that which we have calculated, but the qualitative behavior will not be changed. Except for very large mismatches, our theory predicts the tilt to decrease with increasing peptide concentration. Although there is much data on helix tilt in specific systems, there appears to be no attempt at a systematic correlation of it with hydrophobic mismatch. Such data would be most interesting.
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